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indices can be estimated by assuming the atomic ar-
rangements within the crystal unit cell and neglecting the
uncertain effects of the internal field. Furthermore, the
form birefringence cannot be neglected because a number
of voids were observed within the drawn specimens under
scanning electron microscopy.”” Unfortunately, there is
no way at present to estimate the form birefringence in
our laboratory. The result in Figure 11 indicates that as
a crude approximation, the temperature dependence of the
molecular orientation cannot be observed from birefrin-
gence data in spite of a significant transition from crys-
talline to amorphous as shown in Figure 7. This means
that birefringence is not sensitive enough to detect small
changes in the molecular orientation due to the transition
because of the small difference in the values of A ° (58.5
% 107%) and A,° (52 X 1078). Accordingly, an experimental
method for this purpose is needed. It is evident that since
the crystal lattice modulus is independent of temperature,
the temperature dependence of the Young’s modulus is due
to an increase in amorphous content and a decrease in the
amorphous modulus with increasing temperature.

Conclusion

The temperature dependence of the crystal lattice mo-
dulus was measured by X-ray diffraction with use of ul-
tradrawn films with elongation ratios >300. The modulus
is in the range 211-222 GPa and is independent of tem-
perature up to 145 °C, which is close to the equilibrium
melting point. This behavior is quite different from that
of bulk specimens. Measurement of the complex dynamic
tensile modulus indicates that the storage modulus E’
decreases with increasing temperature, even for ultradrawn
films (A = 400) whose E’at 20 °C is 216 GPa. The thermal
expansion coefficient of the crystal ¢ axis was —2.27 X
107%/°C. In contrast, the thermal expansion coefficient of
bulk polymer in the stretching direction was positive.
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Mathematical Treatment of the Temperature Dependence of the
Crystal Lattice Modulus and the Young’s Modulus of

Polyethylene
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ABSTRACT: A mathematical representation based on linear elastic theory is proposed for investigating the
temperature dependence of the crystal lattice modulus in the chain direction and the Young’s modulus.
Mathematical formulation was carried out for a composite model of crystalline and amorphous phases. This
description indicates that the crystal lattice modulus and the linear thermal coefficient as measured by X-ray
diffraction are different from the intrinsic crystal lattice modulus and the coefficient. The calculated results
are in good agreement with the experimental results for an ultradrawn polyethylene film with a draw ratio
of 400, showing that the crystal lattice modulus is independent of temperature while the Young’s modulus

decreases with increasing temperatures.

Introduction

In the preceding article,! the temperature dependence
of the crystal lattice modulus was measured by X-ray
diffraction with use of ultradrawn films with elongation
ratios in excess of 300. The modulus is in the range
211-222 GPa and is independent of temperature up to 145
°C, which is close to the equilibrium point. In contrast,
measurement of the complex dynamic tensile modulus

0024-9297 /88 /2221-1658301.50/0

indicated that the storage modulus E’ decreases with in-
creasing temperature, even for an ultradrawn film (A =
400) whose E’ at 20 °C is 216 GPa. This discrepancy was
related to an increase in the amorphous content with in-
creasing temperature. Furthermore, the thermal expansion
coefficient of the crystal ¢ axis was -2.27 X 1073/°C, while
the thermal expansion coefficient of bulk polymer in the
stretching direction was positive. This contradictory be-
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cos ¢ cos § cos 7 — sin ¢ sin 7

lal = | sin ¢ cos 8 cos n + cos ¢ sin 9
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Figure 1. Eulerian angles 6, ¢, and 5, which specify the orientation
of Cartesian coordinates 0-u,u,u; fixed in a structural unit, with
respect to other coordinates 0—x;x,x; fixed in the bulk specimen.

havior suggests that the thermal expansion coefficient of
amorphous chain segments must be positive.

The present article investigates the above phenomenon
theoretically. A mathematical representation of the crystal
lattice modulus along the molecular chain axis is discussed
in terms of the geometrical arrangement of the bulk
specimen as revealed by X-ray analysis. For convenience
in mathematical representation, a composite unit is pro-
posed as a model system, in which anisotropic amorphous
layers lie adjacent to oriented composite layers with the
interface perpendicular to the stretching direction.? The
crystal lattice modulus is calculated as functions of tem-
perature, crystallinity, and molecular orientation. The
calculated results are discussed in relation to the experi-
mental observation in the preceding article.!

Mathematical Representation of the Temperature
Dependence of the Crystal Lattice Modulus and
the Young’s Modulus in a Semicrystalline
Polymer Having an Orthorhombic Unit Cell

A mathematical representation is proposed to estimate
the temperature dependence of the crystal lattice modulus
as well as the Young’s modulus, quantitatively. The
procedure for calculating the mechanical anisotropy of a
single-phase system from the orientation of the structural
units and the intrinsic mechanical anisotropy of the
structural unit is first discussed in relation to mutual
conversion of the orientation distribution function of the
structural unit with respect to Cartesian coordinates fixed
within the bulk specimen. Thus Figure 1 shows the
Cartesian coordinate 0—u,u5us, fixed in a structural unit,
with respect to another Cartesian coordinate 0—xx,x; fixed
in the bulk specimen.

Assuming the homogeneous stress hypothesis for a
polycrystalline material, the relation between the intrinsic
compliance of the structural unit and the bulk compliance
is given by

Siju = Z;%;(aioamakqahw%pq, 1)

where S, and S°,,, are the compliance of the bulk
specimen and of the structural unit, respectively. The
parameter a,, is the direction cosine of the u, axis with
respect to the x; axis, which is given from the geometrical
arrangement in Figure 1 as eq 2. Average values in eq 1,
(@;,,50k4@,.), aTe given by

(0:0Qjp0rgas) =

27 2r T
j; J; j; w(6,0,M),08;,01,a;, sin § d6 dé dn (3)
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—cos ¢ cos fsinnp-singdsing cos ¢ sin §
—sin ¢ cos §sinn + cos ¢ cosn  sin ¢ sin 4 (2)
sin 8 sin 3 cos 0

where «(f,¢,7) is the orientation distribution of the
structural unit 0~u uug with respect to the coordinate
0-x,x,x3 in Figure 1.

In accordance with Krighaum and Roe’s analysis,® this
distribution function w(8,¢,n) may be expanded in a series
of spherical harmonics. With some changes from their
notation, the generalized orientation factor can be written
by using «(6,¢,7) as follows:

Flmn=

27 or T
‘J; j; j; w(8,¢,m) Py, (cos 8) cos me cos ny X
sin 6 df d¢ dn (4)

where
P, . (cos §) =

1- 8 (m-n)/2 1+ g (m+n)/2
§°s } ;’“ Py (cos 6) (5)

and P{™-mm+%(cos ) is the Jacobi polynomial defined by
(I - n)!
m-n,m+n) -
Pz e0s ) = (i — o
JFim-Ll+m+1L,m-n+1,(1-cos6)/2] (6)

where JFiim - L, l+m+ 1, m-n+1;(1-cosf)/2}is the
hypergeometric function.

The elastic compliance S;;,;, represented as a tensor
quantity, may be related to S,, by a matrix as follows:

Sijkl = Suu vandv <3
Sijkl = ]/QSW uorv =3
Sijkl = 1/4Suv vand v >3 (7)

where (ij) and (kl) become u and v, respectively. The
combination is given by

(1) —1 (22) — 2 (33)—~3
23y —4 (BL)—5 (12) — 6

By use of eq 2-7, the elastic compliance S,, can be for-
mulated as a function of the orientation factors up to the
fourth order. These results are shown in the Appendix.

The composite structural unit is represented by the
model in Figures 2 and 3.2 The mechanical anisotropy
of a two-phase system is based on the homogeneous stress
hypothesis assuming that the structural unit is composed
of crystalline and amorphous phases. When the tensile
stress og at an arbitrary temperature T is applied along
the x4 axis, the inner stresses (0§, 6%, 033, 0, 0, 0) and (¢¥,,
032, 0%, 0, 0, 0) are applied to the crystalline and amorp-
hous phases, respectively, to induce the following strains
in the respective phases:

&1 = S§iohy + Sfyos, + Sfo%s + afjAT
6 = Sfiots + Siiofs + Sfiof + aBAT
b = Sfioty + Sfioty + Sioks + aRAT
o = €§3 = ¢§; = 0 (8)
i = Stioty + Stiot; + Stio% + af{AT
bz = Sttt + Stiot + SHol + aBAT
s = Stioh, + SBoty + Stk + oBAT

=€ =€ =0 )
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Figure 2. Schematic diagram of a proposed series model with
multi-ply layers for an anisotropy of a semicrystalline polymer.
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Figure 3. Composite structural unit of a semicrystalline polymer,
in which the crystalline and amorphous phases are connected at
the face perpendicular to the x; axis.

where S5, and SZ;, represent the average elastic compliance
of the crystalline and amorphous phases, respectively. On
the basis of the experimental results in the preceding ar-
ticle,! S%' is given as a function of temperature, while S,
is independent of temperature. This treatment is discussed
later. Parameters «f, and o), represent the average
thermal expansion coefficients of the crystalline and
amorphous phases, respectively. AT is given by T - T,
where T, is the reference temperature.

The crystallinity of ultradrawn polyethylene with a draw
ratio of 400 is >97% at room temperature. Although the
amorphous phase in such a highly crystalline system at
room temperature should be indistinguishable from the
crystalline phase, the amorphous phase can be distin-
guished at elevated temperature, since the amorphous
content increases by transition from the crsytalline phase
at the crystallite boundaries. Accordingly, the proposed
model in Figure 2 does not represent the structure of the
bulk specimen at room temperature. However, repre-
senting the temperature dependence of the Young’s mo-
dulus requires a complicated model, and a simple two-
phase model is used in this article for the mathematical
analysis.

The uniaxial stress condition with respect to the x; axis
leads to the following relations:*

Macromolecules, Vol. 21, No. 6, 1988
oy = Xeofy + (1-x)of; =0
opp = Xoo§y + (1 - X))oy =0

033 = 0fz = ofy (10)

where o, corresponds to the stress of the bulk specimen.
For the above restriction upon the strain, one has

€1 = €] = €
€2 = €3y = €5
63 = Xee§a + (1 - X)eds
€0 = €3 = €3 = 0 (11)

The average linear thermal expansion coefficients «;,, and
o, in the crystalline and amorphous phases, respectively,
in eq 8 and 9 are given by

oy = Y19(2F 300 — Fagg + 4)(a§3 + a$3) + ¥(1 = Fapp)afy

(12)

agy = Ya(1 = Fago)(af} + a$3) + /5(2F a0 + 1) (13)
oy = Js(F35 + 2)(aff + aB)) + /(1 - F3fh)ads (14)

afy = V(1 - Fig)(alt + af) + /4(2F5% + Defy (15)

where oy, and o) are the intrinsic linear thermal expan-
sion coefficients of the crystalline and amorphous phases,
respectively.

The problem that now arises is how the values of S{;, and
S can be determined theoretically. Unfortunately, as
discussed in a previous article,? there has been no report
on this subject. Hence the theoretical values of S, were
estimated from the inverse matrix of elastic stiffness Cj,
proposed by Odajima and Maeda® because their value (253
GPa) of 1/Sg fits our experimental value® better than
other theoretical results.”®

According to their report,® S, can be determined ac-
cording to eq 16. The value in eq 16 is used in the case

S0 2 8% 0 0 0
S S 8% 0 0 0
2! 0 0 0 Sﬁ: 0 0
o 0 0 0 S8 0
o o0 o0 0 0 S
914  -276  -0.150 0 0 0
976 120 0246 0 0 0
0150 -0.246 0396 0 0 0 )
0 0 0 353 0 o |X107%/GPa
0 0 0 0 1282 0
0 0 0 0 0 485
(16)

of elevated temperature, since the crystal lattice modulus
is independent of temperature, below the equilibrium
melting point (145.5 °C) as shown in Figures 2 and 3 in
ref 1.

The elastic compliance St of the amorphous phase is
quite uncertain. However, it can be calculated from the
potential energy of neighboring chains by assuming that
the following relation between the potential energy P(r)
and the atomic or molecular distance r holds for an
amorphous chain, although this treatment is a very crude
approximation based on the hypothesis of a biphasic
structure of crystalline and amorphous materials:’

P(r) =——/rm+d/m (17)
where m = 9-12 and n = 1 or 6 for an ionic or molecular

crystal, respectively. When the volume expansion of the
amorphous phase is assumed to occur only along the lateral
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direction of the polymer chains, the elastic compliances
S%¢ and S% may be estimated by taking the second de-
rivative of eq 17. They are given by

839 = 88 = {vu(T) /v J*S51 (18)

where v,(T) and v, are, respectively, the volumes of the
amorphous phase at an arbitrary temperature T and of the
chain crystalline phase. In eq 18, v,(T) is an unknown
parameter. If the linear thermal expansion of the
amorphous phase is also assumed to occur only along the
lateral direction, we have

Va(T) = vafl + oo(T = THHL + (T = Tp)}  (19)

where v, is the volume at T and «, and «; are the thermal
expansion coefficients of the crystal a and b axes, re-
spectively. Then

%9 = 888 = (0a/01 + (T — ToML + (T — TS,
(20)

The values of «, and «, were obtained as 2.27 X 107 and

6.46 X 107° by plotting the dimensions of the crystal a and

b al:ées against temperature, by using the date of Davis et
al.

The compliance 553 may be estimated by assuming that
the modulus along the chain axis is proportional to the
number of chain molecules in the unit area perpendicular
to the chain direction and that the modulus is independent
of temperature. Thus, we have

38 = (pc/0a)S%s (21)

where p, and p, are the densities of the crystalline and
amorphous phases, respectively. The compliances S$; and
SS, in eq 18 and 21 correspond to SS} and Sg; at 6 = 0° (see
eq Al and A3 in Table II in the Appendix). That is

Ss) = %(3S%3 + 3853 + 2853 + S (22)
8% = S (23)

According to an estimate by Hibi et al.,'! the other com-
pliances can be represented as

S8 = -835%

S8 = 3158
838 = 833 = 2(S19 + 3158
& = 28131 + »5)) (24)

The Poisson’s ratios »3 and »3} are set to be 0.45 on the
assumption that the mechanical properties of the amorp-
hous phase are similar to those of a system showing ideal
rubber elasticity but being somewhat tougher.

From the procedures discussed above, all the parameters
except the orientation factors of the amorphous chain
segments, Fo and Fif, can be determined.

By use of eq 8-11, the bulk strain g3 can be separated
into two components; one is €, assocmted with the ex-
ternal applied stress, and the other is €, associated with
the thermal expansion effect. That is

€33 = €53 + €fs (25)
where
= [xH1(SF, 850, X0 + S§ + (1 - X) X
{G1 (S8, X o) + S8§lloss (26)

edy = [XAHA(SE, S8, X0 + off) + (1 - X)) X

{GZ(Suu:SSY)’Xc) + a’gg”AT (27)

where

Mathematical Treatment of Polyethylene 1661
Hl(SﬁY),SiY,,XC) =

X,
%%ﬁy-%VS%+Sﬂ+;:;@ﬂ+Sw}@@

G(S%,8%,X,) = 2X S35(S - Sg9) /(1 - X,) X

X,
St + ST+ 75 (St - S (29)

HZ(S%,SZY»XC) =

X
2571 (eff - of) /)ST + St + T (ST + S‘i%)} (30)

X,

Go(Sg,S5, X)) = 2X ST(afy - of}) /(1 - X) X

S§Y + Spp + (1 + S§9¢ (31)

1-X,
Thus, the Young’s modulus E may be given by
E = og3/¢83 = 1/[xH1(S5, S, Xo) + S§8 + (1 - Xo) X
{G1(Sg;,S8, X0 + S5%] (32)
Returning to Figure 3, we should noted that the (002)
plane can be detected by X-ray diffraction only when the
crystal stain axes are oriented perfectly in the stretching
direction. Accordingly, in the stress fleld o}, of the crys-
talline phase, the crystal lattice strain €3 of the (002) plane
detected by X-ray diffraction measurement can be rep-
resented as follows:
8 = Sifofs + Sfioky + Siok + aBAT  (33)
In eq 33, 6§, and o%; can be represented as a function of
043 (0%3) by using eq 8-11. We then have
3 = {-Fi(S5,SE.00, X ) + S§loss +
{_FZ(SuwSﬁY»S%vX ) + af }AT (34)
where
Fl(SuD,S%,S%,XC) =
@%+$W%&4%V*ﬁ+$v T (S5 + S
c
(35)
Fy(8R,50,S5,X0) =

(84 + 519
(36)

Here 53 is given as two functions of stress and tem-
perature. We then rewrite €53 as €§3(0,7). When o (=033)
= 0, eq 34 reduces to

3(0,T) = {-Fo(SR,S%, S50, Xo) + ofAT  (387)
We then have
e$3(a,T) — €83(0,T) = {-F1(SR,Si.S%,.Xo) + Sigle (38)
X-ray diffraction measurements have the advantages of
dlstmgulshmg between €53(0,T) and €53(0,7). The crystal
strain in the absence of apphed external stress corresponds

to €3(0,7). Since €53 in eq 34 can be represented as
€3(e,T), the following relation can be constructed:

633(0’,T) - 653(0,7')
S§3 = = _Fl(SuU’SfXJ’SEY)’XC) + Sg%

[
39
Ec = 1/553 = 1/{_F1 Sﬁ%,S%,S%,Xc) + g% (40)

where E, corresponds to the crystal lattice modulus of the
crystal (002) plane detected by X-ray diffraction. Here

X,
(ﬂaM%+%%%+%+bX
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Table I
Orientation Factors, F3j and F3g, of Cases I and II*

orientation mode
of amorphous

orientation factors

chain segments A 500 5
case | 0.99999 0.99998
case II 50 0.993 36 0.987 58

100 0.99765 0.99559
200 0.99917 0.998 44

¢In case II, the factors were calculated from eq 42.

the measured value E_ is essentially different from the

intrinsic crystal lattice modulus E? (=1/8%3) in the mo-

lecular chain direction. When F,(S£3,S¢,S%%.X ) < 8%, E.

is almost equal to E2. Calculations to check the signifi-

cance of the above relation are given later.
Furthermore, from eq 34, we have

e33(0,T) — €§3(o,T)
afy = — Bolo) | pyse.Se,8m,X.) + g

AT
(41)

where af; corresponds to the linear thermal expansion
coefficient of the crystal (002) plane detected by X-ray
diffraction. Equation 41 indicates that af; is quite dif-
ferent from a3, which denotes the intrinsic thermal ex-
pansion coefficient of the crystal ¢ axis. When F,-
(SuusSuSunX.) K ay, ais is almost equal to of3. Unfor-
tunately, there is no information on the thermal expansion
behavior of the crystalline and amorphous phases repre-
sented by éq 12-15. However, if of] = ofj,
Fy (85,8585, X ) becomes zero and «ofy is equivalent to
s,

Discussion

Evaluation of the orientation of amorphous chain seg-
ments is indispensable for carrying out numerical calcu-
lations. As discussed in ref 1, however, it is difficult to
estimate the orientation factors, Fiy, and F&gp, from bire-
fringence. Accordingly, the orientation factors are calcu-
lated on the basis of the following assumptions: the ori-
entation of the amorphous chain segments is equal to that
of the ¢ axes (case I) or it behaves in an affine fashion (case
II), which is given by

6 N 42
w(cos 6) N = (% = 1) cos? 02 (42)
where X is the draw ratio of amorphous chain segments
from a random state.

It is unfortunate to assume the orientation of amorphous
chain segments in an affine fashion. Actually, recent
neutron-scattering studies indicate that the radius of affine
gyration of the polyethylene chain deviates from the affine
fashion even at an elongation ratio <5.12

Table I lists the orientation factors Fiy and F3g, for
cases | and II. The factors increase as A increases, but the
degree of orientation is much lower than the crystal ori-
entation. The numerical calculation was carried out by
using these values in Table I.

Figure 4 shows the change in E/E, (the Young’s mo-
dulus/the crystal lattice modulus) with temperature. The
crystallinity is fixed at 97%, which corresponds to the
experimental result at room temperature. The curves are
calculated for various values of A, the draw ratio of
amorphous chain segments. The orientation factors, Fyq
and Fy, of crystallites used in the calculation were 0.99999
and 0.99998, respectively, from the X-ray diffraction
measurements. The value of E/E, is almost independent
of temperature, and this tendency becomes somewhat more
marked as A increases. Finally, the value of E/E, becomes

Macromolecules, Vol. 21, No. 6, 1988
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Figure 4. Theoretical results of temperature dependence of E/E,

with various draw ratios of amorphous chain segments, in which

crystallinity was set to be 97%.
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Figure 5. Logarithmic value of F; calculated as a function of
temperature for various draw ratios of amorphous chain segments.

close to unity when the amorphous chain segments are
oriented perfectly with respect to the stretching direction
as in case L.

Figure 5 shows the change in log F, with temperature.
This calculation was carried out by using the crystallinites
as a function of temperature in Figure 7 in ref 1. The
values of F'; calculated in cases I and II are much lower
than S% (0.396 X 1072/GPa). This indicates that from eq
39 and 40 S§; is almost equal to S, and thus E, is almost
equal to E?. This means that the crystal lattice modulus
of the crystal (002) plane detected by X-ray diffraction is
almost equal to the intrinsic crystal modulus in the chain
direction.

As discussed in ref 1, the temperature dependence of
crystallinity was estimated from the decrease in the X-ray
intensity distribution curve from the (002) plane with in-
creasing temperature. In this process, the thermal fluc-
tuation of atoms within crystallites reported by Ruland!3!
and Kilian'®'6 was neglected because of the difficulty of
the measurement. Namely, the specimen was torn at the
position where it was irradiated by the X-ray beam for 3
h at temperature above 80 °C, since the sample thickness
was less than 4 ym. This omission, however, is thought
to be reasonable for the ultradrawn specimen because of
the experimental result that the crystal lattice modulus
is independent of temperature up to 145 °C.! The prep-
aration of ultradrawn films thick enough to estimate the
thermal fluctuation by X-ray diffraction is needed to check
our assumption.

Figure 6 shows the change in E, with temperature. The
value is almost independent of the orientation degree of
amorphous chain segments for the specimens with draw
ratios >50. The value of E_ is almost equal to the theo-
retical ES given by Odajima and Maeda.® This result
supports those in Figure 5, which are in good agreement
with the experimental results in Figures 2 and 3 in ref 1.

Figure 7 shows the theoretical and experimental values
of E/E, as a function of temperature. The theoretical
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Table II
Elastic Compliance S,, Formulated by S}, Using Eq 2-7

1663

S = (1/64)5%,{(1/2520) Fags — (1/315)Fypg + (1/35)Fas — (1/315)Fgzg + (8/315)F gy — (8/35)F g + (1/35)Fgoq — (8/35)F gy +
(72/35)F 00 + (16/7) Fay  (32/T)Fao  (32/T\Fsog + (64/7)Fq + 64/5} + (1/64)S3l(1/2520)F gy + (1/315)F ey + (1/35)Fygo -
(1/315)F 54 — (8/315)F 43y — (8/35)F 30 + (1/85)F g4 + (8/35)F g + (72/35)F 09 — (16/T)F g = (32/7)Fpgq + (32/7)Faqp +
(64/7)Fyog + 64/5) + (1/56)S%i(1/15)Fasg ~ (8/15)Fyp0 + (24/5)Fyoq + 8Fage — 16F 0 + 56/5} + (1/64)(28%; + Se)i~(1/2520)F gy +
(1/105)F oy + (1/315)Figs - (8/105)Fp0 — (1/35)Fos + (24/35)F o0 — (32/21)Fyng + (64/21)Fyng + 64/15) + (1/112)(28, +
SS(1L/180)Fasp = (1/15) oo — (2/45) Fazg + (8/15)F g0 + (2/5)Fang ~ (24/5)F g + (2/3)Fygg + (4/3)Fiage — (4/3)Fong - (8/3)Fiyog +
112/15) + (1/112)(253, + S3)(~(1/180)Fagq ~ (1/15)Fso + (2/45)Fyag + (8/15)Fsz0 — (2/5)F0q  (24/5)Fagg
(2/8)Fyp + (4/3)Fano + (4/3)Fanp — (8/8)F o + 112/15}

Sy = (1/64)S341(1/2520) Fygs ~ (1/315)Fygp + (1/35)F g + (1/315)Fyg, — (8/315)Fygg + (8/35)F g0 + (1/35)F g — (8/35)F 0y +
(72/35)Fu0 — (16/7)Fan + (32/7)Fapg ~ (32) T\ Fg0p + (64/T)Fagg + 64/5} + (1/84)S%{(1/2520)F gy + (1/315)F iy + (1/35)Fgo +
(1/315)F g + (8/315)Fygy + (8/35)Fuzg + (1/35)Fagy + (8/35)Figp + (72/35)Fi0 + (16/TVFaag + (32/T)Fypo + (32/T)Fgg +
(64/7)Fao + 64/5] + (1/56)8%(1/15)Fyuo + (8/15)Fp0 + (24/ T\ F g0 — 8F 30 — 16F 00 + 56/5) + (1/64)(25%, + S%6){~(1/2520)Fyuy +
(1/108)F gy — (1/315)F s, + (8) 105)F g = (1/35) Figs + (24/35)F g + (32/21) Fyno + (64/21)Fyeo + 64/15] +
(1/112)(28%3 + S§H(1/180)Fyyp — (1/15)Fyyo + (2/45)F g9 — (8/15)Fagp + (2/5)Fypy — (24/5)F 0 = (2/83)Fyq = (4/3)F 90 = (4/3)Fygq -
(83)Fogo + 112/15) + (1/112)(28% + S =(1/180)Fags — (1/15)Fyo ~ (2/45)F sz — (8/15)Fsz0 — (2/5)F a3 — (24/5)Fagp -

(2/3)F gz - (4/3)Fpog + (4/3)Fagy — (8/3)Fygo + 112/15}

Sa3 = (1/56)S3{(1/15)Fyoy = (8/15)F 4 + (24/5)F o0 + 8F 05 — 16Fyq + 56/5} + (1/56)S3,{(1/15)Fyoq + (8/15)Fyq; + (24/5)F o -
8F 02 = 18F500 + 56/5} + S%i(8/85)Fynp + (4/ T Fapp + 1/5} + (1/56)(283%, + See)-(1/15)F g4 + (8/5)Fupp — (18/3)Faey + 56/15] +
(1/2)(28% + SU(2/105)F 0 — (8/35)Fyq0 + (1/21)Fagy + (2/21)Fygo + 2/15} + (1/2)(25%; + S3,){~(2/105)F 405 — (8/35)F 00 —
(1/21)Fage + (2/21)Fyg0 + 2/15}

81y = (1/64)S%){-(1/2520)Fyyy + (1/315)F 4y — (1/35)F g9 + (1/105)Fypq — (8/105)F g0 + (24/85)Fyo0 ~ (32/21)Fygg + (84/21)Fp +
64/15} + (1/64)8%,~(1/2520)F 4y — (1/815)Fyyp ~ (1/85)Fyq + (1/105)Fyo4 + (8/105)F oy + (24/35)Fyp0 + (32/21)Fyqy +
(64/21)Fage + 64/15) + (1/8)}S35(~(1/105)Fyyq + (8/35)F 400 — (16/21)Fapp + 56/105} + S35{(1/80640)F 44 — (1/3360)Fyy0 -
(1/3360)Fy04 + (1/140)F 00 + (10/21)Fypp + 4/15} + (1/7)S%}(1/1440)Fyyp + (1/120)F 149 + (1/80)F g2 — (1/5)F 00 — (5/6)F 05 -
(5/3)F g0 + 28/15} + (1/7)S550—(1/1440)Fyyo + (1/120)F g0 ~ (1/60)F 00 — (1/5)Fyoq + (5/6)Fags — (5/3)Fye0 + 28/15)

Si3 = (1/112)89{(1/180)F 4 — (2/45)F 00 + (2/5)F 50 — (1/15)F o4 + (8/15)F 05 — (24/5)F 400 + (2/8)Fyp9 — (4/3)Fyp + (4/3)Fypp —
(8/3)F00 + 112/15} + (1/112)S3,{(1/180)Fyp4 + (2/45)F g0 + (2/5)F g0 = (1/15)F g4 — (8/15)F g0 = (24/5)F o0 — (2/8) Fggy ~
(4/3)F 30 — (4/3)Fagg ~ (8/3)Fago + 112/15) + S3l(1/105)Fgo ~ (4/35)Fe0 + (1/42)Fpg + (1/21)Fpe0 + 1/15} +
(1/7)8%5{~(1/1440)F 404 + (1/80)F 450 + (1/120)F 4y = (1/5)F 450 = (5/6)F 350 = (5/8)Fp0 + 28/15} + S%3{(1/1260)F 425 -
(1/108)F 430 = (1/105)F 490 = (1/105)F yo5 + (4/85)Fy0 + (5/168)Fagy ~ (1/12)Fygp + (5/42)Fpp0 + 28/105} + S3el—(1/1260)F g0 +
{1/105)F 402 + (4/35)F 00 = (5/168)Fygy + (1/12)Fag0 ~ (5/84)Fygp + (5/42)F 0 + 28/105}

Sy = (1/112)S%{~(1/180)Fags + (2/45)Fgs — (2/T)Fao — (1/15)F 4 + (8/15)Fuoz — (24/5)Fuco — (2/3)Fygg + (4/3)Fogo + (4/3)Fyng -
(8/3)Fygo + 112/15} + (1/112)83{~(1/180)Fyg ~ (2/45)Fagg — (2/5)Fsz0 — (1/15)Fsgq — (8/15)Fyg — (24/5)Figq + (2/3)Fpag +
(4/3)Fago ~ (4/3)Fygg — (8/3)Fao0 + 112/15) + S%i=(1/108)F o — (4/35)Fago + (1/42)Fypg + (1/21)Fpeq + 1/15) +
(1/T)S35{(1/1440)F sy, — (1/60)F g0 + (1/120)Fi0q — (1/5)Fagg + (5/6)Fazo — (5/3)Fao + 28/15] + (1/T)S%f—(1/180) Fyg +
(1/15)F g0 = (1/15)F g + (4/5)F 00 — (5/24)Fygs ~ (5/12)Fygo ~ (5/12)Fyop + (5/6)Fyo + 28/ 15} +
(1/T)S%{(1/180) Fypp + (1/30)Fyz0 + (1/15)Fyop + (4/5)F 00 + (5/24)Foap + (1/12)Fyp0 = (5/12)Fpgy + (5/6)Fyg0 + 28/15)

Su = (1/112)S3,1~(1/180)Fyp + (2/45)Fzp — (2/5)Fsgo = (1/15)Fyos + (8/15)Fiop — (24/5)Fio — (2/3)Fagg + (4/3)Fono + (4/3) Fgng -
(8/3)Fap + 112/15} + (1/112)S%{~(1/180)F g, — (2/45)Fuz3 — (6/15)Fsz0 — (1/15)F 04 — (8/15)Fygg — (24/5)F o0 + (2/3)Faps +
(4/3)Fany — (4/3)Fpgy - (8/3)Fag + 112/15] + S3i~(1/105)Fygy — (4/35)F 0 + (1/42) Fygg + (1/21)Fiypg + 1/15] +
(174)S2{(1/10080) Fyg ~ (1/420)F + (1/840)Fagy — (1/35)Fy0 + (5/42)Fagg - (5/21) Fyp + 4/15] + (1/28)S%5/~(1/180) Fygp +
(1/15)Feg0 ~ (1/15)Faog + (4/5)Fagg ~ (5/24) Fypy ~ (5/12) Fygo + (5/12)Fyop + (5/6)Fyng + 28/15} +
(1/28)S5,{(1/180)Fyp5 + (1/80)F g0 + (1/15)Fygn + (4/5)Fypq + (5/24)Fp99 + (1/12)F 50 = (5/12)F gy + (5/6) Fpge + 28/15}

Sss = (1/112)82{(1/180)F o4 ~ (2/45)Fypy + (2/35)F 50 = (1/15)Fypq + (8/15)F g0 = (24/5)Fyp0 + (2/3)Fpp ~ (4/3)Fagp + (4/3)F 30 -
(8/3)Fogo + 112/15] + (1/112)85,{(1/180)F 5, + (2/45)F 495 + (2/5)Fagq — (1/15)F g4 = (8/15)F gy — (24/5)F 00 — (2/3)Fpp -
(4/3)Fygo - (4/3)Faog ~ (8/3)Fage + 112/15} + S3{(1/105) Fygg ~ (4/35)Fye0 + (1/42)Fan + (1/21)Fyep + 1/15} +
(1/28)Sg:{—(1/1440)F 454 + (1/80)Fgo0 + (1/120)F 04 — (1/5)F 00 = (5/6)Faa0 — (5/3)Fy0 + 28/15} + (1/28)S8{(1/180)F 9 -
(1/15)Fgg0 - (1/15)F sy + (4/5)Fsqg + (5/24)F
(1715)Fyg — (1/15)F g + (4/5)Fsg + (5/24)Fyzs + (5/12) Fygg + (5/12)Fyey + (5/6)Fygo + 28/15) +
(1/28)83~(1/180) Fagy + (1/15)F 05 + (4/5)Fyng ~ (5/24)Fyag + (5/12)F30 — (5/12)Fag + (5/6)Fao + 28,15}

Ses = (1/64)S3,{~(1/2520) Fysy + (1/315)Fyep — (1/35)Fya0 + (1/105)Fyq — (8/105)Fyg + (24/35)Fyo0 — (32/21) Fygg + (64/21)Fyog +
64/15} + (1/64)S5,{~(1/2520)F 44y ~ (1/315)Fyyp — (1/35)F g + (1/105)Fyo4 + (8/105)F g + (24/35)F 00 + (32/21)Fypy, +
(64/21)Fygy + 64/ 15] + (1/56)S%/—(1/15)Fy + (8/5)Fago — (16/3)Fag + 56/15) + (1/28)S%l(1/11520) Fygs ~ (1/480)F e -
(1/480)F 404 + (1/20)F 00 + (10/3)Fyp + 28/15} + (1/28)835{~(1/1440)F 445 + (1/120)F 00 + (1/80)F 405 — (1/5)F g00 = (5/6)F 00 -
(5/3)Fago + 2815} + (1/28)S%{(1/1440) Fyyg + (1/120)Fygg - (1/60)Fyog — (1/5)Fae + (5/6)Fanz — (5/3)Fag + 28/ 15}

where
Fago = (1/2)(3(cos® ) - 1) (A10) Fuo = (15/2)((7 cos? 6 — 1) sin® 8 cos 2¢)
Fae = 3(sin? 4 cos 27) (A11) Fy0 = 105(sin* 8 cos 4¢)
Fpop = 3(sin? f cos 2¢) (A12) Fyo0 = 90((7cos* 8 - 6cos? 8 + 1) cos 2¢ cos 21)
Fopy = ((1/4)(1 + cos 8)? cos 2¢ cos 27n) (A13) Fyoy = 1260((cos* 8 — 1) cos 2¢ cos 4n)
Fyo = (1/8){35(cos* §) — 30(cos? 8) + 3} (A14) Fy90 = 1260((cos* § — 1) cos 4¢ cos 27)
Fyo = (15/2)((7 cos? § — 1) sin? 8 cos 27) (A15) Fu4 = 2520((cos* 6 + 6 cos? § + 1) cos 4¢ cos 4n)
Fyo4 = 105(sin* § cos 4n) ' (A16)

(A1)

(A2)

(A9)

(A5)

(A6)

(A7)

(A8)

(A9)

(A17)
(A18)
(A19)
(A20)
(A21)
(A22)

values were calculated by using the crystallinities at the lation, however, the temperature dependence of the ori-
indicated temperature in Figure 7 in ref 1. In this calcu- entation of the amorphous chain segments is neglected
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Figure 6. Crystal lattice modulus E, calculated as a function of
temperature for various draw ratios of amorphous chain segments.
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Figure 7. Theoretical and experimental results of E/E_ as a
function of temperature for various draw ratios of amorphous
chaih segments. The experimental data are the same as in Figure
8 of ref 1.

because of the ambiguity of the birefringence data in
Figure 11 in ref 1. The experimental result is in good
agreement with the result calculated by substituting A =
100 into eq 42, but a discrepancy remains because of
neglecting the temperature dependence of the mobility of
the polymer chains. It seems reasonable that the in-
creasing mobility of polymer chains with increasing tem-
perature causes a significant transition from crystalline to
amorphous phases. However, the temperature dependence
of the orientation of the amorphous chain segments cannot
be determined from birefringence data, as discussed in ref
1. A mathematical representation must be proposed to
give the best fit between experimental and theoretical
results.

Conclusion

The temperature dependence of the crystal lattice mo-
dulus and the Young’s modulus were formulated by a

Macromolecules, Vol. 21, No. 6, 1988

linear elastic theory based on the experimental results in
the preceding article.! A composite structural unit was
proposed as a model to calculate the mechanical anisotropy
of a two-phase system on the basis of the homogeneous
stress hypothesis by considering a structural unit composed
of crystalline and amorphous phases. The theoretical
elastic compliance of the crystal unit was estimated from
the inverse matrix of elastic stiffness proposed by Odajima
et al.,> while the elastic compliance of the amorphous phase
was calculated from the relation between the Lennard-
Jones potential function and the molecular distance. The
calculated results suggest why the crystal lattice modulus
is hardly affected by temperature while the Young’s mo-
dulus is very sensitive.

Appendix

The elastic compliance S,, can be formulated by S2
from use of eq 2-7 as shown in Table II.

Equations A1-A9 represent the generalized formulation
to estimate the relationship between the elastic compliance
of the bulk specimen and that of the orthogonal unit.

When the structural unit has uniaxial orientation dis-
tribution around the x; axis as in the present system, S<,
can be written simpler than eq A1-A9. For example, S§j,

o, S, and S$% were represented in a previous paper.?
33 912 13

Furthermore, the amorphous chain segments have uniaxial
symmetry around the uy axis. Then the compliance S%)
can be written as simpler forms than S¢, and they were
given as eq 15-18 in a previous paper.?
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